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1. Introductions 

Prescribing geometric structures of a complex manifold often introduces interesting and im- 
portant partial differential equations. A typical example of this kind is the problem of finding 
the Kahler metrics with constant scalar curvature on a Kahler manifold. Such a problem de- 
fines a fourth order elliptic partial differential equation. The study of these partial differential 
equations, including the Kahler-Einstein equations, forms one of the richest topics in complex 
geometry. 

In this paper, we introduce a new set of equations coming from the Szego kernel (Bergman 
kernel, resp.) of a unit circle (unit disk, resp) bundle. We prove that these equations, which 
generalize the equation of finding Kahler metrics with constant scalar curvature, are all elliptic. 
As an application of the result, we relate the Ramadanov Conjecture to these equations and 
prove a local rigidity theorem concerning the log term of the Szego kernel. 

Our basic setting is as follows: let (L, h) — > M be a positive Hermitian line bundle over the 
compact complex manifold M of dimension n. The pair (M, L) is called a polarised manifold. 
The Kahler metric uj of M is defined to be the curvature of the Hermitian metric h. Let L* be 
the dual bundle of L. The unit circle bundle X of L* is a strictly pseudoconvex manifold, with 
the natural measure defined by the S 1 action and the polarization of M. That is, the measure 
is dV = ^|7r*(u;™) A d9, where JL is the infinitesimal S 1 action on the unit circle bundle. The 
Szego projection IT is a linear map from L 2 (X) to the Hardy space H 2 (X), which is the space 
of L 2 boundary functions of holomorphic functions of the unit disk bundle D. Let H(x, y) be 
the Szego kernel of X, i.e., H(x,y) is the function on X x X such that for any / £ L 2 (X), 
f x H(x,y)f(y)dy £ H 2 (X), where dy = dV is the measure defined above. Then by (Sj, there is 
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a paramatrix 

oo 

s(x,y,t) ~ ^2t n - k s k (x,y), 

k=0 

where Sk(x,y) (k G Z+) are smooth functions on X x X and t 6 I, such that 

poo 

(1.1) U(x,y)= e u ^ y) s(x,y,t)dt 

Jo 

for some suitable complex phase function tp(x,y) o£ X x X. 

In general, the paramatrix of the Szego kernel of a pseudoconvex manifold is quite difficult 
to compute. However, since the bundle X is S 1 invariant, we may split the Szego kernel into 
several pieces. More precisely, Let be the infinitesimal S 1 action of X. Define 

H 2 m (X) = {/ € H\X)\^f = y/=lmf}. 

Let n m be the projection of H 2 (X) to H^(X). Then the kernel U m (x,y) of L 2 (X) -> 
is the Fourier coefficient of H(x,y): 

Il m (x,y) = ^[ U(x,r e y)e m ^ Ie de. 

Using the paramatrix of the Szego kernel, Zelditch (and Catlin 6 independently for the Bergman 
kernel) was able to prove that there is an asymptotic expansion of H m (x,x) (cf. Theorem 12. 1[) 

(1.2) ILm(x,x) ~m n (a + — + •••), 

m 

where a^'s are all smooth functions of M. The expansion is called Tian-Yau-Zelditch expansion. 
In ^Hj) the first author was able to prove that all a^'s are polynomials of the curvature and its 
derivatives. In particular, ao = 1 and a\ = p, the scalar curvature of the Kahler manifold. Thus 
the equation of finding the metrics such that a\ = const is the equation of finding the Kahler 
metrics with constant scalar curvature. 

Because of the work of Donaldson JHJ) it is natural to study metrics with a k being prescribed 
for k > 2. Donaldson was interested in modifying h m to a Hermitian metric h! for some large m 
such that the metric h' is balanced. As a corollary of his result, Donaldson was able to give a 
proof of the uniqueness of the Kahler metrics of constant scalar curvature. Since a\ = hp, where 
p is the scalar curvature, f M (ai — ~a\)6 defines the Futaki invariants, where ai is the average of 
ai and 9 is the Hamiltonian function of a holomorphic vector field. Nonlinearizing the Futaki 
invariants we get the Mabuchi's K energy, whose convexity plays the key role in proving the 
uniqueness of the metrics of constant sclar curvature (cf. [7]). 

We wish to study the analogue problems for a k when k > 1. In this paper, among the other 
results, we prove that for any given k and function /, for a fixed metric to, the equation of 
finding the function ip such that a k {oo — ^j^-ddtp) = f is an elliptic equation of order 2k + 2. 
Thus prescribing a k gives an interesting set of new elliptic equations. 

Since the Bergman potential LT m (x,x) being a constant implies stability(cf. [201; EZ])> we are 
particularly interested in the question of finding metrics such that = for k > n. Such a 
question is related to the Ramadanov Conjecture [22]. The conjecture, in terms of the Bergman 
kernel, can be stated as follows: 

Conjecture (Ramadanov [221 )• Let Q be a bounded strongly pseudoconvex domain ofC n . As- 
sume that the log term of the Bergman kernel is zero, then Q is biholomorphic equivalent to the 
unit ball of C n . 

Not much is known about the Conjecture for n > 1. If 17 is a complete Rienhardt domain 
of C 2 , the conjecture was proved by Nakazawa [2J. The conjecture was proved to be true for 
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any strongly pseudoconvex domain in C 2 by Graham ^2], using an unpublished note of Burns. 
In ^2], the computation needed in Graham's proof was given. Boutet de Monvel @j gave an 
independent proof of Graham's result around the same time. 

There are only partial results in higher dimensions. K. Hirachi ^S] proved that the Radamanov 
conjecture is true for real ellipsoids that are sufficiently close to the unit ball. In the Szego kernel 
case, he |14| proved that if n = 2 with tranversal symmetry and if the log term of the Szego 
kernel vanishes to the third order, then the boundary is spherical. Hanges ^3] proved a similar 
result with additional assumption on the choice of volume element on the boundary. See ^H] 
for further references of the Conjecture. 

One can form the similar conjecture for the Szego kernel as well. The same conjecture makes 
sense if we replace the bounded strongly pseudoconvex domains by strongly pseudoconvex man- 
ifolds. 

Let H* be the universal line bundle of the complex projective space CP n . The unit circle bun- 
dle X of H* is the unit sphere in C n . With this observation, we form the following Ramadanov 
Conjecture for the unit circle bundle X: 

Conjecture. Let uj G [cofs] be a Kahler metric on CP n which is in the same cohomology class 
as the Fubini-Study metric ujfs- Let (H,h) be the hyperplane bundle whose curvature is u. Let 
X be the unit circle bundle of the universal line bundle H* . If the log term of the Szego kernel 
of X vanishes, then there is an automorphism ip : CP n — > CP n such that Lf*uJ = ujfs- 

We confirmed the above conjecture for n = 1 in this paper. In the case n = 1, the unit 
circle bundle X is of dimension 3 and the result is parallel to the case of strongly pseudoconvex 
domains in C 2 in the Ramadanov Conjecture. 

Theorem 1.1 (The case n = 1). Let uj 6 [u>fs] be a Kahler form on CP 1 which is in the same 
cohomology class as the Fubini Study metric oofs- Let (H,h) be the hyperplane bundle whose 
curvature is uj. Let X be the unit circle bundle of the universal bundle H* . If the log term 
of the Szego kernel of X vanishes, then there is an automorphism (p : CP 1 — » CP 1 such that 
(f*U) = ujfs- 

The Conjecture is still open in high dimensions. The main result of this paper is the following 
local rigidity theorem: 

Theorem 1.2. Let h be the standard metric on (CP n ,H). Let U be another metric on the 
hyperplane bundle H over CP n . Then there is an e > 0, depending only on n, such that for any 
h' with 

\\h'/h- 1|| 

and the log term of the Szego kernel of the unit circle bundle of h' being zero, there is an 
automorphism f of CP n such that f*{uJh>) = ^FS: where oJh> is the curvature of h' . 

The organization of this paper is as follows: In §2, we prove that if the log term is zero, then 
afc = for k > n. This result let us use the methods of partial differential equations to study 
the Ramadanov Conjecture. In §3, by tracing the terms in a& of the highest Weyl weight, we 
prove that the equations a& = / are all elliptic equations. As a corollary, we get the Schauder 
estimate ( Corollary 13. 

In Theorem l4.1l and Theorem l4.21 we study the uniformity of the Tian-Yau-Zelditch expansion. 
Using the elliptic estimate, we have the following general result: 

Theorem 1.3. If h is the metric such that the log term of the Szego kernel (of the unit circle 
bundle X of L* , the dual bundle of the ample line bundle L over M) vanishes, then there is a 
finite dimensional vector subspace V of the space of smooth functions on M such that if ip ^V, 
the log term of the Szego kernel is not zero for the metric he eip for sufficiently small e. 
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This proves that generically, the log term is not zero. 

The technical heart of this paper is in §6 and §7. In §6, we computed concretely the vector 
space V in Theorem 11.31 In order to determine the vector space V in Theorem 11.31 we use 
the fact that the orthonormal basis of H°(CP n , H m ) can always be explicitly written. Then 
Lemma l6,ll and Proposition 16 . 1 1 become purely combinatoric. From these results, we prove that 
V must be the eigenspace of some eigenvalue of CP n . In Theorem 16.21 we further confirmed 
that the eigenvalue must be (n + 1). It is well known that the eigenfunctions with respect to the 
eigenvalue (n + 1) of CP n are the Hamiltonian functions of holomorphic vector fields on CP n . 
Thus in order to prove Theorem 11.21 we have to get rid of the actions of the automorphism 
group of CP" generated by the holomorphic vector fields (the idea was first used by Bando- 
Mabuchi 1 _). In jS], the authors introduced the concept of a Kahler metric being centrally 
positioned. In our case, we need to know that if a metric is not far away from the Fubini-Study 
metric, then whether we can find a "small" automorphism under which the metric is centrally 
positioned. This is done in Lemma 17.21 using the contraction principal. 

Acknowledgement. We thank K. Hirachi for the references of the history of the Ramadan ov 
Conjecture. 

2. PSEUDOCONVEX MANIFOLDS WITH ZERO LOG TERM 

In this section, we study the relations between the vanishing of the log term in the Szego 
or Bergman kernels and the coefficients in the Tian-Yau-Zelditch expansion |19j . Except for 
the last theorem, or otherwise stated, most results of this section were known by the work of 
Zelditch (2^] and Catlin [§]. We begin by the following standard settings. 

Suppose (L, h) — > M is a positive Hermitian line bundle over the compact complex manifold 
M as in the previous section. Let (L*,/i _1 ) be the dual bundle. We define a smooth function 
p : L* — > R as follows: let U C M be an open neighborhood of M such that L*\u = U x C is a 
local trivialization. Let 



where h(z) is the local representation of the Hermitian metric h under the trivialization (p 
and (p(x) = (z,v). It is not hard to see that p(x) does not depend on the choice of the local 
trivialization. 

Definition 2.1. Let D = {x G L*\p{x) < 0}. Let X be the boundary dD of D. We call D and 
X the unit disk bundle and the unit circle bundle of L* , respectively. 

In what follows, we will take the Szego kernel as an example in our proof. The results of the 
Bergman kernel are similar and we will only state the theorem without proof. 

By definition, the curvature of h is positive and thus X is a strongly pseudoconvex manifold. 

X is S 1 invariant. Let rg : X — > X be defined by rg(z, v) = (z,ve^~^ e ). Let be the 
infinitesimal action of S 1 on X defined by rg. Let tt : L* — » M be the projection. Define the 
measure dp = ^tt*uj™ A 63 on X. The Szego kernel is defined as the kernel of the projection of 
the space L 2 (X) to the space H 2 (X), the Hardy space. By definition, H 2 (X) is the space of L 2 
functions on X which are the boundary values of holomorphic functions on D. 

Let n be the Szego projection and let n(x, y) be its kernel. Then 

n : L 2 (X) -> H 2 (X) 

such that for any / £ L 2 (X), 

Uf= f U(x,y)f(y)dp(y) 
Jx 

is in L 2 (X) and is the boundary function of a holomorphic function on D. 
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Suppose M is covered by finite coordinate charts {U a } ae j. The transition functions of the 
line bundle L are a set of holomorphic functions g a p on U a Pi Up 7^ 0. Let h a {x) be the local 
representation of the Hermitian metric h. Then on U a Pi Up 7^ we have 

h a \g a f3\ 2 = hp. 

For each h a , we define a C°° function h(x, y) on f7 a x U a such that /i a (x, x) = h a (x) and y) 
is almost analytic in the sense that d x h a {x,y) and d y h(x,y) vanish at x = y to infinite order. 
Such a function h a (x,y) exists by [3]- 

Let (J Q is the partition of the unity subordinated to the covering L){U a } such that ^/^ r Z are 
all smooth. Define 



K(x,y) = ^ y^/i^y^^^/ai^g-yaiy^ix^). 



It is then easy to check that 



h a (x,y) = hp(x,y)gp a (x)gp a (y) 



on U a n Up 7^ 0. Furthermore, h a (x,x) = h a (x), d x h a (x,y) and d y h a (x,y) vanish at x = y to 
infinite order. 

Let x,y G £*|[/ a whose local coordinates are (z, i>) and (w,v'), respectively. Define a global 
function 

1 1 _ 

= if?(z,v,w,v) = -(7-7 ?vv - 1). 

If x, y G X, write 

t, = ^(1) e ie , v' = y r h(^)e ie ' , 
where 9, 9' are real numbers. Thus on X, we have 



(2.i) ,) = „, «')='( 



Let §x, - ■ ■ , Sdbe functions on H 2 (X) such that 
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— Sj = yJ—lmSi 

for 1 < i < d. Using [22], we can identify the functions Si to the holomorphic sections Si of L m . 
We assume that Si, ■ ■ ■ , Sd is an orthonormal set with respect to the measure 
That is 

s%Sj dj-L — ®ij 

X 

for 1 < i, j < d. Define 

N 



(2.2) Tl m (x,y) = 2 7 r^5 i (x)4(y). 

i=l 

The basic identity related Yl m and IT is the following (cf. 

(2.3) IL m (x,y)= f IL(x,rgy)e^ Im0 de. 



It is also well known (cf. [2] that for the pseudoconvex manifold X, the Szego kernel can be 
written as 

(2-4) n(a,y) = . ' +1 +v{x,y)logip(x,y), 

where u, v are C°° functions defined on D x D. 

Using the above notations, Zelditch [201 ( an d Catlin [0] for the similar result for the Bergman 
kernel) proved the following: 

Theorem 2.1. With the notations as above, we have the following asymptotic expansion: 

(2.5 n m (z,z)~m n (a (x) + J ^ + - ? y + •••), 

m 777/ 

where a-i{i > 1) are smooth functions on M and clq(x) = 1. TTte expansion is convergent in the 
sense that 

2.6 n m x,x -m n 1 + Jl^ + ... + J^Z c , <C— ^ 

where C is a constant depending on k, I and the manifold M . 

□ 

Using his result, we prove the following JH] 

Theorem 2.2. The coefficients ai can be written as polynomials of the curvature and their 
derivatives of M. The Weyl weight of is 2k for k = 1, 2, • • • . In particular, we have 

( ao = l 

ai = |p 

a 2 = ±Ap + ±(\R\ 2 - 4\Ric\ 2 + 3/7 2 ) 
03 = g AAp + ^ dif (i?, -Ric) — ^div div(pRic) 
+±A(\R\ 2 - 4\Ric\ 2 + 8p 2 ) + ±p(p 2 - 4\Ric\ 2 + \R\ 2 ) 
+±(a 3 {Ric) - Ric(R, R) - R(Ric, Ric)), 

where R, Ric and p represent the curvature tensor, the Ricci curvature and the scalar curvature 
of g, respectively and A represents the Laplacian of M . For the precise definition of the terms 
in the expression of a^, see ^3 Section 5]. 

For the above settings, the famous Ramadanov Conjecture [221 ( m terms of the Szego kernel) 
states that if the function v(x, y) in (|2.4|) is identically zero, then the manifold X must be the 
sphere. 

The main result of this section is the following 

Theorem 2.3. Let X be the unit circle bundle of L* over M. Ifv(x,y) (i.e., the log term) of 
the Szego kernel of X vanishes, then the coefficients ak in Theorem \2. 1\ vanish for k > n. 

Proof. Using (|2.1|) and (|2.3|) . if v = in (|2.4|) . then we have the following identity 

Js 1 (e-^- ie - l) n+1 

We shall prove that the above expression expands to a polynomial of m. Let b > 1 be a real 
number, then the above integration is understood as 

rr i \ v f (\^) n+1 u(x,r e x) j^i me , Q 

LLnlx.x) = hm / = e v da. 

y ' b-*lj s i ( e -V=W - &)»+! 



4n their paper, the result was written in terms of strongly pseudoconvex domains of C n . But it is also true 
for strongly pseudoconvex manifolds. 
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Using the integration by parts n times, we get 



T\ m {x,x) = lim / 



51 e ~v^i e 



d0, 



where £(x,0,m) is a polynomial of m and the coefficients are smooth functions of x and 9. By 
the Riemann-Lebesgue lemma, we know that that above expression has the same asymptotic 
expansion as 



IL m (x,x) = £(x,0,m) - lim / jt= 

Js 1 e _v ~ if 



Thus there is a polynomial P(x, m) of m of degree less than or equal to m such that 

U m (x,x) ~ P(x,m) 

in the sense that 

C 

|II m (x,x) - P(x,m)| < — r 

for any fc. Comparing the above result with the expansion in Theorem l2.11 we get the conclusion. 

□ 

We can also prove the above result using the stationary phase theorem as follows: the theorem 
of Boutet de Monvel and Sjostrand Theorem 1.5 and §2.c] (see also [26.) states that there 
exists a symbol s G S n (X x X x R + ) of the type 

00 

s(x,y,t) ~^2t n - k s k (x,y) 

k=0 

so that 

/>oo 

(2.7) H(z,y)= / e^'^foy.tjdi, 

JO 

Using (US}, we have [MI 

(2.8) n m (x,x) ~ Vm n - fc+1 / / e im ^ - l) - e) t n - k s k {r e x,x)dtde 

By the stationary phase method |181 Theorem 7.7.5], we have 

e m ^ eW -V- e H n ~ k s k {r e x,x)dtde 

Js 1 



2^ m^-%(rt fc (r e x, *)), 



where 



Lj{t n k s k (r e x,x)) 

= E E ^i^-'S'^ 1 '* 

v—/j,=j 2v>3[i 



for 



^(t, 0) = -(e ie _ 1) _ _ 2(t - 1)0 - i6> 2 . 



(cf. |251). 11 3 >n-k, then 



{^r{ g n n - k s k {r e x,x)) = Q. 
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Thus if j > n- k, L^t^s^TQX.x)) = 0. From (jUJ), we see that 

Tl m (x,x)~C Yl rn n - k ^L 3 {t n - k s k {rex,x)). 

j+k<n 

Comparing to 1)2.5)) . we have = for k > n. 

□ 

For the Bergman kernel of D, we have the parallel result: 

Theorem 2.4. If the log term of the Bergman kernel B(x,y) of D vanishes, then the coefficients 
afc in Theorem \2.1\ vanish for k > n. 

□ 

3. Order of the coefficients 

Let d = d m = dim^ H°(M, L m ) for a fixed integer m. Let {So,-- - ,Sd-i} be a basis of 
H°(M,L m ). The metrics define the L 2 inner product ( , ) on H°(M,L m ) as 

(S A ,S B )= [ <S A ,S B >dV g , A,B = 0,- ,d-l, 

where < Sa,Sb > is the pointwise inner product with respect to /i m and dV g = ^wj. If 
To, • • • ,Td_i is an orthonormal basis of H°(M,L m ) with respect to the above inner product, 
then we define the sum of the pointwise norm 

\\T \\ 2 (z) + --- + \\T d - 1 \\ 2 (z) =<T ,T > (*) + ■■■+ <T d _ l! T d _ 1 > (z) 

to be the Bergman potential of the metric. The key link between the Bergman potential and 
the Szegd kernel is (cf. 

U m {x,x) = ||T || 2 (z) + --- + ||T (i _ 1 || 2 (z), 

where ir(x) = z, and U m (x,x) is defined in (|2.2|) . 

Now we assume So, ■ ■ ■ , Sd-i is a basis of the space H°(M, L m ). We further assume that at 
a point z G M, 

5 (^)^0, 5 A (z)=0, A = V--,d-l. 

Suppose 

Fab = (S a ,S b ), A,B = (),■■■ ,d-l. 

Then {Fab) is the metric matrix which is positive Hermitian. Let (Iab) be the inverse matrix 
of (Fab)- Let x £ X such that 7r(x) = z. Then by linear algebra we have (cf. [T§] 1 

(3- 1 ) n m (x,x) = I o\\S (z)\\ 2 hm , 

where | (^(z)] \\ m =< Sq(z), So(z) > is the pointwise norm of the section So(z). 

The main result of this section is to prove that all the coefficients in the theorem of 
Zelditch (Theorem 12. 1|) can be represented by CA k ~ l p plus "lower order terms", where C ^ 
is a constant depending only on k and n and p is the scalar curvature of M. To make the above 
statement rigorous, we need the following definition: 

Definition 3.1. Let R be a component of the i-th order covariant derivative of the curvature 
tensor, or the Ricci tensor, or the scalar curvature at a fixed point where i > 0. Define the weight 
w(R) and the order ord(R) of R to be the number (1 + |) and \, respectively. For example, 

™(Rf jk i) = ™(Rii) = *>(p) = i> 
ord ( R ijki) = ord { R ij) = ord (p) = 
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and 

0rd ( R ijkl,m) = \- 

In •particular, the weight and the order of a constant are zero. The concepts of weight and order 
can be extended to monomials of the curvature and its derivatives by assuming that 

w(f 1 f 2 )=w(f l )+w(f 2 ), 

ord(fif 2 ) = ord{fi) + ord{f 2 ), 

where fi, f 2 are monomials. If f = fi w ^ fi monomials of the same weight or order, then 
we define w(f) = w{f\) and ord(f) = ord(f\), respectively. 

Remark 3.1. The definition of the weight here is half of the Weyl weight in Fefferman's paper .11 . 

Let A be the set of all monomials of the curvature and its derivatives at a fixed point z £ M. 
Define 

A' = {fe A\ord(f) < w(f) - 2}. 

Let B and B' be the complex vector spaces generated by A and A', respectively. We have the 
following simple relation between weight and order: 

Lemma 3.1. For any fi,f 2 £ A with w(fi),w(f 2 ) / 0, we have f\f 2 G A'. In particular, B' is 
an ideal of B. 

Proof. If w(fi),w(f 2 ) / 0, then we have 

ord(fi) < w(fi) - 1, i = l,2. 

Thus 

ord{hf 2 ) = ordifr) + ord(f 2 ) < w(fr) + w(f 2 ) - 2 = w{hf 2 ) - 2. 

□ 

The main result of this section is 

Theorem 3.1. With the notations as above, for any k>l, there is a constant C = C(k,n) ^ 
such that 

a fc = CA fc -V mod(B'), 
where p is the scalar curvature of M and A is the Laplace operator of M . 

In order to prove the theorem, we must estimate the quantities in (|3.1|) . We construct peak 
sections of L m for m large. So let's quickly review the concept of peak sections which was 
initiated in |25j . 

Choose a local normal coordinate (z\, ■ ■ ■ , z n ) centered at z such that the Hermitian matrix 
(g a p) satisfies 

(3.2) dP 1+ - + P™g n « 

dzf ■ ■ ■ dzt [z> ~ 

for a, (3 = 1, • • • , n and any nonnegative integers pi, ■ ■ ■ ,p n with p\ + • • • + p n ^ 0. 2 Such a 
local coordinate system, which is known as the .fT-coordinate system (cf. [H] or j^S] for details) 
exists and is unique up to an affine transformation. We choose a local holomorphic frame of 

o 

Note that there is a little ambiguity about the notation here. We use z to denote both the point and its local 
coordinates. However, it should be clear from the context. 
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L at z such that the local representation function a of the Hermitian metric h has the properties 



QPl-\ \-p„ a 

(3.3) a (^) = i j _____.(^) = o 

for any nonnegative integers (pi,-- - ,p n ) with p\ + • • • + p n ^ 0. 

Suppose that the local coordinate (zi, • • • , z n ) is defined on an open neighborhood U of xq in 
M. Define the function |z| by |z| = 1 z i 1 2 + ' ' ' + I z n \ 2 for z G [/. 

Let be the set of n-tuple of integers (pi,-- - ,p n ) such that pi > 0(i = 1, • • • , ra). Let 
f= (Pi,"" ,Pn)- Define 

(3.4) z p = zf •••z£» 
and 

P = |P| = pi H hPn- 

The following lemma is proved in using the standard 9-estimates (see e.g. [T7]). 

Lemma 3.2. For P = (pi, • • • ,p n ) £ Z™ , and an integer p' > p = pi + • • • + p n , i/iere exists 

an mo > suc/t i/iai /or m > mo, i/iere is a holomorphic global section S P in H°(M,L m ), 
satisfying 



and Sp m can 6e decomposed as 



1 



Sp, m (x) 



Spm = + U -P,m> (Sp,m andup )Tn not necessarily continuous) 

such that 

X pZ P e ^(l + 0(^)) xG{r<^} 
x e M \{r < 3^}, 

up,m(x) = 0(|z| 2p ') x £ U, 

and 

j M \\u P , m \\l m dV g = 0(-^), 

where 0( \ pt ) denotes a quantity dominated by C/m 2p with the constant C depending only on 
p' and the geometry of M. Moreover 

X- P 2 = [ \z p \ 2 a m dV g . 

— dm 

□ 

Define an order > on the multiple indices P as follows: P > Q, if 

(1) |P| > \Q\ or, 

(2) |P| = \Q\ and pj = qj but Pj+i > qj+i for some < j < n. 

Using this order, there is a one-one order preserving correspondence k between {0, 1, 2, • • • } and 

{P|Pez™}. 

We need the following proposition in [T§] : 
Proposition 3.1. We have the following expansion for any p' > t + 2(n + p + q), 



(^ m .^J = -(ao + - + - + ^T + 0(^)), 
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where 5 = 1 or 1/2 and where all the ai's are polynomials of the curvature and its derivatives 
such that 

ord(ai) = i + 5. 

□ 

It has been proved in |19[ Theorem 3.1] that for any t > 0, there is an s > such that up to 
O(^r), loo depends only on S K u\ (i = 0, • • • ,s). More precisely, let 

Kb = (S K ( a ),S K ( b )), 0<a,b<s. 
Let (I' ab ) be the inverse matrix of [F' ab ), then 

/oo = /oo + 0(^t). 



1 M 21 
" \M 12 M 22 



Let 

where M\ 2 G C s , S C s and M 22 is an s x s matrix. By an elementary computation we have 

(3.5) I'oo = 1 + M? 2 (M 22 - M 21 M 12 y l M 2X . 

In |19l Lemma 2.2], we know that M\ 2 = 0{— ). In particular, for any monomial in any entry 
e of M12, ord{e) < w(e) — 1. Thus by (|3.5|) . Proposition 13. II and Lemma l3~T1 we have 

(3.6) I 00 = 1 mod(B'). 
Next let's consider ||5'o( 2: )|II m - By Lemma we see that 

\\So(z)\\ 2 hm =\ 2 + 0(±r) 

for any N, where 



A 2 = / a m dV g . 

— ^/m 



Let £ = log a + |z| 2 , r? = logdet we have 

A 2 = / e m ^ +v e- mlzl2 dVo, 

Jr< los ™ 



\/rfh 

for the Euclidean volume form dVo- 
By Lemnia lH.l| we see that 



x- 2 



Using the fact 
we have the following 



I (1 + mi + n)e- m ^ 2 dV mod{B'). 



! ^■■■z^\ 2 e- m ^dV = Pll "\ Pn[ . 
j£ n m n+ P 



a„- 2 - - 

m r, 



(3-7) 1*1 11 1 

m ~ (fc+l)! k\ mr m" +n 
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for any N, where A c is the complex Laplace operator on <C n , defined by 

d 2 



(3.8) A c = £ 



dzidzi 
i=i 



As before, A will be the Laplace operator on M. It is not hard to see that 

(3.9) Air ] =-A j - 1 p mod(B'). 
for j > 1. Using the same method, we have 

(3.10) A{ +l £ = A j - l p mod(B'). 
Combining (J3~T|) . <pO?]l and (JSHDJ), we have 



-J (fc + l)!m fc 

Thus 



k=i v ; ' 

Comparing the above equation with ()3.6|) . we have 

° fc = TfcTl)! A ^ lp mod ( B ')- 

and Theorem 13. II is proved. 

□ 

For the rest of this paper, we will study the coefficients at in the Tian-Yau-Zelditch expansion 
for different metrics. We shall thus use the notation Ofe(x, h), where x € M and h is the Hermitian 
metric on L, to explicitly represent the dependence of the coefficients to the metric. 

Let ip G C°°(M). Then he v defines a Hermitian metric on L. Let uj^ = 2^{9{j — didjip)dzi A 
dzj be the corresponding Kahler form. We have the following 

Corollary 3.1. Using the notation as in Theorem VJ . IV let 

1 

U) 9 > -0J. 

Then if 

a,k(x, he v ) = 0, 

then there is a constant C(l), depending on the C^ -4 bound of the curvature of u>, such that 

IMb*<c(0IMb^ 

for l>2k + 2. 
Proof. We have 

a k = CA^p (mod^) 
where p is the scalar curvature of ui^. By the Schauder estimate we have 

||Hl c2fc _2,l < C||¥'II S*+1 I J- 

Since 

P = -A\og^- 9 p i d j \oguj n , 

we have 



UJ 
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By the Schauder estimate again we have 

The boot strapping method gives the higher order estimates. 

□ 

4. The uniformity of the expansion 

As in the previous sections, let h be a Hermitian metric on the line bundle L over M. Let (p 
be a smooth function such that ht = he v be a family of Hermitian metrics with — <9<91og/ii > 0. 
Assume that So,-- - , S*d-i is a basis for the Hermitian vector space H°(M,L m ) such that at 
a fixed point x, Sq(x) ^ but Sj(x) = for j ^ 0. We use < Si,Sj >t and (Si,Sj)t to 
denote the pointwise and the 1? inner product respectively with respect to the metric ht- Let 
Ft, a p = (S a , Sp)t- Let h, a p be the inverse matrix of F t)OL p. Then by (|3.1|) . the Bergman potential 
at x with respect to the metric ht is 

(4-1) a(t) = I tfi0 \\S \\ 2 t (x). 

The following result was pointed out by Zelditch (cf. |10[ Proposition 6]). 

Proposition 4.1. In Theorem \2.1V for any s and k, there is a number N = N(s,k) such that 
if the metric uj is lowerly bounded and is bounded in C N by a constant C\ with some reference 
metric, then the constant C in (|2,6|) depends only on s,k and the constant C\. 

□ 

Let (p G C°°. Then in the expansion of cr(t), the constant C is independent of t for < t < ^ 
by the above proposition. 

It is natural to ask whether one can take the derivative of the expansion of a(t) in order to 
get the expansion of c'(0). The main result of this section is to confirm that this is indeed the 
case. 

Let I a/ 3 = Io : a/3- We have the following 
Proposition 4.2. At the fixed point x, using the above notations, we have 

(4.2) a\0) = -^(OKoo 1 ( {mcp - Aip)I oa < S a , Sp > I 0O % 

where we assume that <p(x) = without losing generality. 
Proof. For fixed m, we have 

F t , a p = (S a , Sp) t = F 0ia(3 + 1 I (rrup- Atp) <S a ,S^>^- + 0(t 2 ). 

Jm n - 

A straightforward computation gives 

ItfiO = Ioo-t / (mip - Aip)I 0a < S a , Sp > 1/30 -r + 0(t 2 ). 

Jm n - 

We also have 

l|So|| t 2 = ||S || 2 . 
The lemma follows from (|4.1j) and the above two equations. 

□ 

In order to get the uniform estimate, we have to establish a uniform version of the above 
proposition. The main difficulty here is that the size of the matrix is very large (of the size m n ). 
The technique we use here is to choose a special kind of basis under which the matrix F a p takes 
the form of (|Q|) . 

We make the following definition from (cf. ^9 ): 
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Definition 4.1. We say N = {N(m)} is a sequence of s x s block matrices with block number 
i G Z, if for each m, 

/iV n (m) ••• N lt {m)' 
N = N(m)= : •.. : 

\N tl {m) ■■■ N u {m) / 
such that for 1 < i,j < t, N%j is a o~(i) x a{j) matrix and 

t 

5^er(i) = s, 

i=i 

where a : {1, ■ • • , t} — ► Z + assigns each number in {1, ■ ■ ■ ,t} a positive integer. We say that 
{N{m)} is of type A(p) for a positive integer p, if for any entry s of the matrix N, we have 

(1) If s is a diagonal entry of Na(l <i<t), then we have the the following Taylor expansion 

m mP 1 mP 

(2) If s is not a diagonal entry of Na(l <i<t), then we have the Taylor expansion 

« = A(*o + - + --- + ^r + o(^)), 

m° m mP 1 mP 

where 5 is equal to 1 or |. 

(3) If s is an entry of the matrix iVy for which \i — j\ = 1, then s = 0(— j-). In addition, if 
i ^t or j t, then we have the Taylor expansion 



ij ( , + £i + ... + i± + o ( l; 

m° m mP 1 mP 



where 5 is equal to 1 or 3 



2 • 

(4) If s is an entry of N^j for which \i — j\ > 1, then 

s = 0(— ). 

The set of all quantities (s 1 /m, • • • , Sp^/mP- 1 ), or • • • , ^^r) /or s running from 

all the entries of where \i — j\ < 1 and i ^ t or j ^ t are called the Taylor Data of order p. 

Remark 4.1. Since Nij = 0(-^) for |i — j| > 1, it can be treated as zero when we are only 
interested in the expansion of order up to p — 1, and when the rank of the matrix is bounded 
by a constant depending only on p. A matrix whose entries = for \i — j\ > 1 is called a 
tri-diagonal matrix. For such a matrix, we have a simple iteration process for finding its inverse 
matrix |19j . 

Proposition 4.3. For any positive integer p, there is a number ^{p) such that there is a £(p) x 
£(p) block matrix N of block number (p + 1). N is of type A(p). Furthermore, the matrix {Fab) 
can be represented as 

' N 



{Fab) j £( d _£(p)) 

where E{d — £(p)) is the {d — £(p)) x {d — £(p)) identity matrix. 

Proof. We construct such a matrix using the peak sections in Lemma 13.21 For a multiple 
indices, define \P\ = p\ + ■ ■ ■ + p n - Suppose 

V k = {Se H°{M,L m )\D Q S{x ) = Ofor \Q\ < k} 

for k = 1,2, • • • , where Q G Z" is a multiple indices, and D is a covariant derivative on the 
bundle L m . V}. = {0} for k sufficiently large. For fixed p, let p' = n + 8p{p — 1). Suppose 
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that m is large enough such that H°(M,L m ) is spanned by the <Sp m 's for the multiple indices 
|P| < 2p(p — 1) and V 2p ( p _iy Let r = d — dim V 2p ( p _iy Then r only depends on p and n. Let 
T\, ■ ■ ■ , Td- r be an orthonormal basis of VWp-i) such that 

for |P| < 2p{p — 1) and a > r. Let s(/c) = dim Vj, for 6 Z. For any 1 < i, j < p, let iVy be the 
matrix formed by (S p ' m , SjJ ) where 2p(z -2) < |P| < 2p(i - 1) and 2p(j -2) < \Q\ < 2p(j - 1). 
Furthermore, define N^ p+ i^ to be the matrix whose entries are (Sp,T a ) for 2p[i — 2) < |P| < 
2p(i — 1) and 1 < a < r. Define N^ pJrl ^ to be the complex conjugate of N^ p+1 y Finally, define 
iV(p +1 )(p +1 ) to be the r x r unit matrix E(r). Then it is easy to check that N = (Nij) is a 
sequence of block matrices of type A{p) with the block number p+ 1 by using the result of Ruan 
(cf. |19l Lemma 2.2] and Proposition 13, 11 Let = 2r = 2(d — dim V2 P ( p _i))- Then which 
is the rank of the matrix N, depends only on p and n. 

Define an order > on the multiple indices P as follows: P > Q, if 

(1) |P| > |Q| or; 

(2) \P\ = \Q\ and pj = qj but p^+i > qj+i for some < j < n. 

Using this order, there is a one-one order preserving correspondence k between {0, • • • , r — 1} 
and {P||P| < 2p{p - 1)}. 
Define 

[ S p ' , A<r-1 
S A = { K ( A )> m - 
[ T4-r+i A>r 

Comparing the matrix N to the metric matrix Fab = ((£>A, Sb)), (A, B = 0, • • • , d — 1), by 
the choice of the basis, we see that 

'N 
E{d-2r) / 

where E(d — 2r) is the {d — 2r) x {d — 2r) identity matrix. 

□ 

Using the above result, we have 
Theorem 4.1. There is an expansion ofa'(0) 

a / (0)~m-(6 + - + -^ + ---), 

m m z 

in the sense that for any k, 

lk'(0)-m^ o + --- + ^)|bo< J^, 
where the constant C depends on k and the manifold M but is independent to m. 3 

Proof. By we know that there is an asymptotic expansion of cr(0). By |19l Theorem 
3.1], we have the asymptotic expansion of loo- Thus in order to give the expansion of cr'(0), in 
terms of (j4.2j) . we just need to prove that for any smooth function ip, there is an asymptotic 
expansion of the expression 

d-i . 

(4.4) V / t/>I 0a <S a ,S{)>I{ to uti. 

a,p=0 JM 

3 The expansion is convergent even in the C°° norm, though we don't need the fact. One may also prove the 
theorem using the paramatrix of the Szego kernel, similar to what Zelditch did in |26|. We may have to cope with 
the quantity on different circle bundles if using the Szego kernel method. 
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(4.3) (F AB ) 



We choose the basis Sq, ■ ■ ■ , Sd-i as in Proposition 14.31 By the proposition, we have ioa = for 
a > 2r, where r is the size of the matrix N in (|4.3|) . For each fixed a,/3, it is easy to see that 
there is an asymptotic expansion for the term J M ipIo a < S a , Sp > I^quJq. The theorem follows 
from the fact that r is independent of m. 

We now prove the main result of this section: 

Theorem 4.2. Suppose that we have the following expansion of cr(0) for t small: 4 

a(t) ~m n (a (x,t) + ^^- + ---) 

m 

in the sense that 

(4.5) M t)- m n (a (x,t) + ^^ + ... + ^^)\\ c o< C 



k+l 1 



where k > 1 is an integer and C is independent to m and t. Then the expansion of cr'(O), if 
exists, must be of the form 

ai(x,t) 



cx'(O) ~ m n { 



d_ 

Tt 



a (x,t) + 



t=o 



+ • 



i=0 



Proof. In what follows, we denote C to be a general constant that is independent to m and 
t. Suppose that the expansion of er'(O) is 



ct'(O) ~ m n {b (x) + + -A^ + • 



m 



with 



|a'(0) - m n (b (x) + 



b x (x) b k (x) 



+ ••• + 



< 



C 



-J- \\C° — t+i • 



Using (|4.5I) and the above inequality, we have 

m n \\ £ l_( a ^ t) - a ^ ) - bi ( X ))\\co < + 
^-^ m l t \t\ m K+i 

If we choose the basis of H°(M, L m ) as in Proposition 14.31 then we have 

< Cm 2 \t\ 



when mt is small. 
Thus (|4.6|) becomes 



(4.7) 



m 



y J_ ai (x,t)-a t (x,0) _ bi{xm 



i=l 



\t\ m K+1 



The above inequality holds true for any k,m and t (constant C depends on k). If we choose 
k = 2, \t\ = l/m/ 5 / 2 ), then letting m — > do, we have 



d_ 

dt 



ai(x, t) = b\{x). 



Now we assume that for any 1 < i < j, we have 

d 
~dt 



ai(x,t) = bi(x). 



*=o 



Here ai(x,t) = a,i(x,he tv ) for short. 
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Since all ai{x,t) are all differ entiable, for t small, there is a constant C such that 

Oj(x, t) — ai(x, 0) 



for 1 < i < j and 



a,i(x,t) - ai(x,0) 



bi(x) 



bi(x) 



< C\t\ 



< C 



for i > j. Assuming that k > j, then from (|4.7jl . we have 



771 



n-j 



dj(x, t) — CLj(x, 0) 



t 



bj(x) 



< 



3C 



??? 



k+lU 



+ Cm 2 \t\ +Cm 



n-l 



j\t\+Ckm n - j -\ 



We assume \t\ = l/m 3 and let k > 2j, then the above inequality implies the conclusion of the 
theorem. 

□ 

5. The general case 

In this section, we prove Theorem 11.31 First we establish some general estimate that will be 
used for the rest of the paper. 

We use ai(x,h) to denote the Z-th coefficient in the Tian-Yau-Zelditch expansion (Theo- 
rem where h is the Hermitian metric on the bundle L and x £ M. 



Lemma 5.1. Let I be a nonnegative integer. Let to 



^ddlogh. Let ip £ C 2l+2 satisfy 



2tt 



(J21+2 



< h 



w + 



2 u/ i v lddip > 0. 

Then there is a constant C , depending on I and the C 2<yl ~ 1 ^ curvature bound of the metric w, 
such that 



(5.1) 



\ai(x,he flp ) -ai(x,h) - 



ai(x,he sv )t\ < Ct 2 



s=0 



for < t < 1. Furthermore, for a metric h! which is C 2 ^ l+1 ^ close to h, we have the following 
inequality 

(5.2) \ai(x, tie**) - a t (x, h')\ < dt 

for < t < 1 and for the constant C\ depending only on I, the C 2 ^^ 1 ^ bound of the curvature of 
h, and the C 2<yl+l ^ norm of ip. 

Proof. By Theorem 12.21 we know that ai(x,he tip ) is a polynomial of Weyl weight 21. That 
means a;(x, he tip ) is a smooth function of the curvature, its derivative of a; of degree up to 2(1— 1) 
and of if, its derivative of degree up to 2(1 + 1). Using the assumption that *^-{— \dd\og h + 
ddip) > 0, we can expand ai(x, e v ) as the Taylor series of t with the coefficients depend on /, 
the C 2 ^ -1 ) bound of the curvature of uj, and the C 2<yl+l ^ norm of the function <p. ()5.1() follows 
from the Taylor expansion. 

We note that the constant C only depends on the bounds of the curvature and the function 
if. (|5.2j) follows from this observation. 

□ 

Proof of Theorem 11.31 If the theorem is not true, then we have an infinite dimensional 
vector space V such that for any ip € V, the log term for the metric he tip is zero for t small 
enough. By Theorem 12.31 we have a n +i(x,he tip ) = 0. By Theorem 13.11 we have 

a n+ \(x, he tip ) = CA™p t + lower order terms, 
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where A t and pt are the Laplacian and the scalar curvature of the metric uj — t^-^ddip, respec- 
tively. A straightforward computation gives 



d_ 

dt 



t=o 



Pt = AV + R0>. 



where A is the Laplacian of u. Thus we have 



(5.3) 



dt 



i+l(x, he t<p ) = CA n+2 (p + lower order terms. 



t=o 



Since the above identity is a linear elliptic equation of (p. The solution space is a finite dimen- 
sional space by the Schauder estimates. 

□ 



6. The cases of complex projective spaces 

In this section, we study the unit circle bundle of the universal line bundle of the complex 
projective space CP n . First, we prove Theorem ll.21 which is parallel to the case of pseudoconvex 
domain in C 2 . 

Proof of Theorem 11.11 By Theorem 12.31 we must have a 2 = 0. By Theorem 12.21 we have 

a 2 = ±Ap+±(\R\ 2 -4\Ric\ 2 + 3p 2 ). 

Since n = 1, the above equation is reduced to 

Ap = 0. 

Thus the scalar curvature must be constant. Since M = CP 1 = S 2 , the constant p must be 
positive and thus the metric must be the standard one. 

□ 

We now assume that (M,L) = (CP n ,H), where H is the hyperplane bundle of CP n . An 
orthonormal basis of the space H°(M,L m ) can be represented by 



(m + n) 



->n ■ 



(6.1) \I^J^z P 

for multiple index P 6 Z" with \P\ = m, where PI = p±l ■ ■ ■ p n \ for P = (pi, • • • ,p r , 

We shall first compute concretely the finite dimensional vector space V in Theorem 11.31 
Consider the open set Uq of CP n where the local coordinate is (z\, ■ ■ ■ , z n ) and the homoge- 
neous coordinate is represented by [1, z\, ■ ■ ■ , z n }. Since CP n is a symmetric space, we only need 
to consider the expansion at the point xq = [1, 0, • • • , 0]. The local coordinate of xq is (0, • • • ,0). 
Thus in the following we sometimes use to represent the point xq. 

Let So = \ ( m+n ) ! be the section under the standard local trivialization of H on Un. The 



= V m! section unuer uie stanuaru locai trivianzaiioii oi n on uq. 

Hermitian metric on L is defined by h = 1/(1 + |z| 2 ), and the Kahler metric is defined by 
uj = -^i(?<91og(l + \z\ 2 ). The pointwise norm of the section So at xo = (0, • • • ,0) is 

2 _ (m + n)\ 1 

m\ (1 + \z\ z ) m 

Under the basis (pHj) . I 0a = 0, <r(0) = ^±T^ and T oo = L Usin § P ' we have 

d 



dt 



mi) / ("V-A r -)||,Sn||V. 



t=0 m - n - Jm 
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Substituting 1)6.2(1 into thte above equation, we have 



(6.3) 



d_ 

It 



a(t) 



1 / (m + n)\ 



t=o 



ir n n\ 



(rrup — A(p) 



1 



ml J j£ n ' ' ' (1 + \z 

where dVo is the Euclidean volume form of C n . 

The following identity is elementary and will be used repeatedly: 

- p \ 2 .Pl(m-\P\)l 



2\m+n+l 



dV , 



(6.4) 
where \P\ < m. 



(1 _|_ | z |2^ra+n+l 



dV = vr r ' 



(m + n)! 



Lemma 6.1. There is an asymptotic expansion of the right hand side of 1)6.3|) : 



d_ 

dt 



^)~m™(£ + - + --- 
t=o m 



at the point xq where £j can be represented as £j = fi(A c )<p(0), i > 1 /or polynomials fa. The 
operator A c is defined in (|3.8[) . 

Proof. The existence of the expansion is from Theorem 14.11 Assuming y(0) = 0, the Taylor 
expansion of if at xo is 



92 



|P|+|Q|>0 



Using (|6.4jl . we have 
(6.5) 

We also have 



(1 _|- | z |2^m+n+l 



^W^fe^a(P,P). 



P!(m + n)! 



A;! 



\p\=k 



From the above equation, 1)6.5(1 becomes 

f 1 00 



(m -" )! AV(o). 



fc!(m + n)! 



We thus have the expansion 
(6.6) 



1 



-ipdVo 



-(r?o + — + • 



(1 _|_ | z |2)m+n+l 

where the coefficients are all polynomials of A c acting on if at 0. The lemma follows from 

The following proposition is purely combinatoric: 
Proposition 6.1. There are polynomials 



□ 



fkit) =^2a kJ t l 



1=0 



of degree k such that 
(6.7) 



ak,o = 0, 

= 0, 

[ AV(0) = f k (AM0), 

where if is a smooth function, A is the Laplacian o/CP", and k EN. 
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Proof. If k = 1, then we choose fk{t) = t. Q6.7|) is valid. Using the mathematical induction, 
we assume that for k > 1, 

fc 

AV(0) = ^a M A^(0) 
«=o 

for constants a^i (0 < Z < k). We wish to construct constants a^+x,i with < I < k + 1 such 
that Q6.7|) is true for k + 1. 

We need the following lemma: 



Lemma 6.2. Define 
(6.8) 



a fe+i,o = 0, 
a fc+i,fc+i = 1 ; 

a fc+l,fc+2 = 0, 

ak+l,l = «fc,z-i + K 21 + n- l)a kt i + l 2 (l + !)(/ + n)a fc>i+ i, < I < k + 1. 



TTien we /iai>e 

(6.9) A fc +V P | 2 (0) = £a fc+u Ai|^| 2 (0) 

2=0 

/or |P| < k + 1. 

Proof. Firstly, if |P| = k + 1, then 

A k+1 \z p \ 2 (0) = A* +1 \z p \ 2 (0) 

and 

A l c \z p \ 2 (0) = 

for Z < fe + 1. Thus in this case, (|6.9|) holds true. Note that 

d 2 



A = (l + \ z \ 2 )(5 ij + z i z j ) — . 
Now let IPI = I < k + 1. Then we have 



(6.10) A|z p | 2 = £>?|z p f + l 2 \z p \ 2 + Y,P 2 i\ zQij f + E 1 



2U-Ri|2 



where Pj, and Ri are defined as follows: let ej = (0, • • ■ , 1, • • • , 0) for 1 < j < n. Recall that 

j 

a multiple index S > iff all of its components S( > 0. For 1 < i,j < n, define 

(1) p i = p - ei if Pi > 0, otherwise P, = P; 

(2) Qij — Pi + ej, 

(3) R t = P + ei . 

The lemma follows from (|6.1U|) . the math induction, and the following identity 

(6.11) A l c \z p \ 2 (0) =l\Pl. 

□ 

Lemma 6.3. If P ^ Q, then 

(6.12) A k z p z Q (0) = 0. 
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Proof. We use the mathematical induction again. If k = 1, the theorem is true. Thus we 
assume that (|6.12j) is true for any k < s. A straightforward computation gives 

Az z a R,S z Z > 

where R ^ S. Thus we have 

A s+1 z p z Q (0) = Y,a R ,s^ s z R z s {0) = 0. 

The lemma is proved. 

□ 

Continuation of the proof of Proposition 16.11 By linearity, we just need to verify 
(6.13) AV(0) = /*(AcM0) 

when (p = z p z® . If \P\ + \Q\ > 2k, then both sides of the above equation are zero. If P ^ Q, then 
by Lemma 16.31 both sides of the above equation are zero. If P = Q, then by Lemma 16.21 ()6.13|) 
holds true. 

□ 

Using Lemma 16.11 Proposition 16. II and the homogenity of CP n , we have the following 
Theorem 6.1. Let x £ CP n . Then in the expansion 



d , , 
Jt^ 



~m"(6 + - + •••), 
t=o 171 



the coefficients can be represented by 

bi(x) = fi(A)(p(x), i > 0, 

where A is the Laplacian of CP n . 

Proof. Let x = xq = [1, 0, ••■ ,0]. Then by Lemma |6.11 6j, i > 1 can be represented as 
gi(A c ) for polynomials g%. Using Proposition 16.11 we can write hi = fi(A)<p(xo)- The general 
case follows from the homogeneity of CP n . 

□ 

If the log terms of the Szego kernel with respect to the metrics ht = he tip are zero for small t, 
then bi{x) = for i > n by Theorem 12.31 and Theorem 14.21 In particular b n+ i = f n+ i(A){p = 0. 

Lemma 6.4. If f n+ \(A)tp = 0, then ip is zero or is an eigenfunction of A. 

Proof. We assume that 

s 

/n+i(*)=n(*-^)> 

i=0 

where \ii are complex numbers. Then we have 

s 

l\(A - Hl)<p = 0. 

i=0 

Define 

s 

k=i 

for < i < s. Then we have ipQ = 0, and 

(A - fii-il)ipi = Tpi-i, i>l. 
Assuming that Aipi-i = —Xipi-i for some i, then if A + m ^ 0, we have 

A = -t— - — 

A + Hi-i 
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In particular, Aipi = —Xipi- If A + fa—i = 0, then we still have A(p$ = —Xfn- At this time, 
(fi-i = (A - m-i)ipi = 0. 

In this case, V'i— l = an d Atpi = Using the mathematical induction, we have Aip s+ \ = 

— X(p s +i f° r some nonnegative real number A, where ip s +i = (p. 



We wish to prove that A = — (n + 1). To this purpose, we define 

1 



(6.14) 



{l + \z\ 2 ) k 

for k = 0, 1, 2, ■ • • . A straightforward computation gives 
(6.15) Aip k = -k(k + n)ip k + k 2 (p k -t 

for > 1. Using the integration by parts, we have 



(k(k + n)-X) I tf(p k = k 
CP" 



(6.16) 

If A 7^ k(k + n) for any integer k, then since 



using (|6.16|) . we see that 



for any k. By (|6.3|) . this implies that 



CP" 



<^ = 0, 



CP" 



/ 

J CP" 



d , . 



0. 



t=o 



However, this is not possible, because we have 

oi = A(A + (n + l)/))v9 = 0, 



i=0 



□ 



which implies that A = n + 1. Now assume that A = k (k + n) 5 . Then by (l6~TCll . we have 

(m!)7(M) 2 



Thus ()6.3|) becomes 



, Wm (m - fco)!(m + k + n)!/(2fc + n)! J cpn Wfc(r 

(m + n) • • • (m — ko + l)(m + &o(&o + n)) 
<T(t) = const • — 



(=0 (m + k + n) • • • (m + ra + 1) 

The above expression is a polynomial of m if and only if ko = 1. Thus we have proved 

Theorem 6.2. For i/ie complex projective space CP n , the vector space V in Theorem M.'A is 
contained in the eigenspace of the first eigenvalue ofCP n . 



□ 



'The proof also implies that the eigenvalues of CP n must be of the form k(k + n) for k £ Z. 

22 



7. The proof of the main theorem 



In the last section, we proved that the vector space V in Theorem 11,31 is contained in the 
eigenspace of the eigenvalue (n + 1). Among all the eigenspaces, the eigenspace of the eigenvalue 
(n + 1) is special. We have the following well known result (cf. [5]): 

Lemma 7.1. We use the same notations as in the previous section. Then the first eigenvalue 
of CP n with the Fubini- Study metric is (n + 1). Let (p be an eigenfunction of the eigenvalue 
(n + 1). Let the (1, 0) vector field X on CP™ be defined by 

Then X is holomorphic. 

□ 

The automorphism of CP™ can be represented by a nonsingular (n + 1) x (n + 1) matrix a,j. 
That is, for any such matrix, the linear map 

(7.1) / : CP" -> CP™, Zi » ai i Z i 

j 

defines an automorphism. The Bergman potential is invariant under the automorphism, so are 
the coefficients in the Tian-Yau-Zelditch expansion. Thus in order to prove the theorem, we must 
get rid of these automorphisms. The method below is similar to that in Bando and Mabuchi 
in the study of the uniqueness of Kahler-Einstein metrics on Fano manifolds. However, we use 
the notations and the results in |Sj. 

Let u>o be the Kahler form of the standard Fubini-Study metric. Let lo p be defined as 



where p is a real valued function defined by 

, Z)i I J2j a ij Z j\ 2 

P = ,os E7W 

for a nonsingular (n + 1) x (n + 1) matrix (to). f p is the automorphism defined by p as in (|7.1|) . 

Definition 7.1. Any Kahler form = ujq + ^^-ddp is called centrally positioned with respect 
to the metric oo p = ujq + ^^-ddp (which is the Fubini-Study metric), if 

[ (p+/»)/;(*k = o 

JCP n 

for any 8 G A n+ i(u;o), where A n+ i(wo) is the space of eigenf unctions with respect to the first 
eigenvalue (n + 1) o/CP n . 

For any p, the Kahler metric defined by the function p + f p {<£>) and (p differ only by the 
automorphism f„. So they are essentially equivalent. In particular, the vanishing of the log 
term of the Szego kernel for one metric implies the vanishing of the log term of the Szego kernel 
for the other. We thus need to choose the best representative among all these equivalent metrics. 

The following proposition shows that the best representative always exists. 
Proposition 7.1. |H] Using the notations as above, then for any tp, there is a function p such 
that uj^ is centrally positioned. 

□ 

For our purpose, we only need the existence of p when ip is small. However, we need to 
estimate the solution p. We will use the following method of contraction principal to construct 
the solution. 
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Lemma 7.2. Using the notations as above, then for any e > 0, there is an r) such that if 
| C-o < T) then \ \p\\ < e. 



By Lemma 17, II we know that the dimension of the eigenspace of the first eigenvalue is equal 
to the dimension of the space of holomorphic vector fields, which is equal to (n + l) 2 — 1, the 
dimension of the automorphism group of CP n . 

Let p be the space of all (n + 1) x (n + 1) traceless Hermitian matrices. The real dimension 
of p is (n + l) 2 — 1. Let 9%, • • • ,9 S (s = (n + l) 2 — 1) be a (real orthonormal basis of A n+ i(wo), 
the eigenspace of the eigenvalue (n + 1) of the Fubini-Study metric. By direct calculation, we 
see that _ 



M 

■/ i 

1 < i < n, 



m 2 -\z \ 2 



are a (complex) basis of eigenfunctions. For any (re + 1) x (re + 1) matrix A E p. Consider the 
real eigenfunction 

z2i,j a ij Z i Z j 



If we represented the function as 



Sfc \ Z k 



j=i 

then we can define 

L:p^R s , L(A) = (bi, • • • , b s ). 
Since a real basis of A n+ i (a>o) can be represented by (n + l) 2 — 1 functions 

„ Z<i Z n Zn Z q I Zj I ^ I Zf) I ^ 

Re — , J , n , Im J ! ■ 1 



Sfel^l 2 ' Z^fcl^fcl 2 ' Y2k\ Z k\ 2 

L is an invertible linear map. 

nf h of ^T-irvin Tof ^ £T H T of / ' 



Let C/ be a small neighborhood of p at origin. Let A G p. Let e" 4 = (5jA Define 



PA = log 



Si I Sj ^i-^il 2 



E.l^l 2 " 

Let 9 = (9\, ■ ■ ■ , Define the following nonlinear operator 

(7.2) V:r x C°(M) -p:(.l.,:)- - A \l~ X [ (p A + t PAVr , ,,,, , , 

We shall see that there is a fixed point of the operator if the ||</>||c° i s fixed and is small. Let 
T{A) = T(A, (p). Then there is a constant C, such that 

||T(0)||<C|M| c o. 

We also have 

\\T(B) - T(A)\\ = \\B - A - *LL [ ({f^T(pA)) - (f^T(PB))9ul\\. 

* JCP n 

If A, B are small, then there is a constant K, such that 

\\T(B) - T(A)\\ < K\\B-A\\ 2 . 
If ||A||,||5|| < 1/AK, then we have 

||T(S)-r(A)||<i||S-A||. 
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We choose 1 1 v^l lc° to be small enough so that 



|T(0)||<Mi„(|,^: 



Then 



,e 1 



for k = 1, 2, ■ • ■ . Thus we have YlkLi \\T k (0) ~~ T fc-1 (0)|| < e, from which we have 



lim T k {0) = A 

k— >oo 

exists, | \A\ | < e and A is a fixed point of T. The lemma follows from the fact that u„ is centrally 
positioned with respect to pa- 

□ 

Proof of the Theorem 11.21 We assume that there is a sequence <pi, i > 1 such that 
||</?j||c72n+4 — ► 0, and 

(7.3) a n+ i(x,/ie ¥ ' i ) = 

for i > 1. By the above lemma, we can replace yjj by (pi = pi — fp.(<Pi) and we still have 

a TH . 1 (x,/ie~ w+/ « (w) ) = 

with 



(7.4) / { P i-r P M))f* P fi< = Q - 

./:■/" 

By Lemma 17, 21 we have 

(7-5) \\pi - f* i {ip i )\\ C 2n+4 = Ei ^ 0. 

By Corollary 13.11 we see that there is a constant C such that 

_ f* H i l Pi)\\c^+' i <CSi 

Thus there is a subsequence of & = (fp^i) — Pi)/£i, for which we still denote as £j, converges 
to some £ ^ in the (7 2n+4 norm. Furthermore, using Lemma 17.21 again, we get 



(7.6) 

On the other side, by (|5.1|) . we have 



/ « = o. 

JCP n 



(7.7) 



a n+ i(x, he £i ^) - a n+1 (x, h) 



ds 



a n+1 (x,he si )£i 



s=0 



Using (|5.2|) . we have 



(7i 



i n+1 (x,he- pi+f Pi^) - a n+1 (x,he^) 



,, Pi-f* P M) c\\ 



By assumption, a n +i(x, /ie Pl+ fpi( tfil >') = 0. Since h is the standard metric of CP n , a n+ i(x, h) 
0. Thus from Q7.7|) and ()7.8|) . we have 



ds 



a n+ i(x,/ie s$ ) = 0. 



s=0 



By Theorem 16.21 this implies 

Af = -(n + l)f. 

From (|7.6|) . £ = 0. This is a contradiction. So for | \ipi\ \c2n+4 small, a n +i(x, he Vi ) ^ 0. This 
proves the theorem. 

□ 
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